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 Analytical characterization of magnetic nanoparticles based on SAR experimental measurements.  
 
Take-Home Messages  
• A novel approach able to deeply optimize clinical treatments of magnetic hyperthermia with nanoparticles. 
• Innovative determination of the complex magnetic permeability of magnetic colloidal fluid by simply using in 
vitro SAR measurements. 
• A rapid, alternative and broadband approach for determining the electromagnetic properties of magnetic 
nanoparticles.  
• Possibility to test the efficiency of nanoparticles in a tissue-like environment: optimized and realistic 
treatment planning for magnetic hyperthermia.
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nanoparticles were acquired for different radiation
conditions
Comparison of the acquired SAR measurements with the respective numerical EM simulation using the extracted
magnetic properties confirmed the validity of the analytical approach
Susceptibility values were analytically extracted using
indirect equations based on the single order Debye 
model and the acquired SAR measurements
 
 
 
 
 
 
 
 
 
This page does not count for the maximum 6 or 10 page limit. The Visual Summary and Take-Home Messages are uploaded 
separately during the final manuscript upload. The information in this page should not exceed one page.   
 Abstract The paper presents a general analytical method for evaluating the magnetic properties of colloidal fluid with magnetic 
nanoparticles and agar through in vitro Specific Absorption Rate (SAR) measurements. The approach for the determination of 
magnetic complex susceptibility herein presented reveals itself as simple, rapid, broadband and accurate enough to compete with 
alternative conventional direct methods requiring complex and expensive instrumentation. In particular, it makes use of indirect 
equations based on the single order Debye model (Linear Response Theory, LRT) combined with a punctual set of in vitro SAR 
measurements. The procedure is effective inside the range of validity of the LRT theory and it can be easily applied in the up-
growing field of magnetic hyperthermia studies. 
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I. INTRODUCTION1 
HE CHARACTERIZATION of the magnetic properties of a 
colloidal magnetic fluid is fundamental for a number of 
applications, especially in the biomedical field: magnetic 
particle imaging, bio-sensing, drug delivery and magnetic 
hyperthermia are some of the most promising techniques 
[1]-[6]. In particular, an optimal characterization allows the 
determination of the best operative condition to convert 
electromagnetic energy at radiofrequency into heat at a 
nanoscale level, which is the main goal in magnetic 
hyperthermia with nanoparticles. Magnetic hyperthermia is 
a rising cancer therapy [7]-[10], which exploits the 
interactions between nanoparticles and a Radio Frequency 
(RF) magnetic field in order to produce a uniform and deep 
heating of pathological tissues in a completely non-invasive 
way. It is well recognized that hyperthermia induces 
cellular apoptosis. Apoptosis damages the functions of 
different important proteins that are involved in cell growth 
and differentiation. This leads finally to death of 
pathological cells. The combination with other emerging 
thermal therapies, such as oncothermia [11], [12], could 
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lead to completely revolutionary cancer treatments, totally 
avoiding the use of more harmful therapies such as 
chemotherapy and radiotherapy. Moreover, it was also 
demonstrated that hyperthermia can enhance the efficiency 
of simultaneously treatments of chemotherapy and 
radiotherapy [13], [14].  
In particular, the heat release depends on the imaginary 
component (loss component) of the complex magnetic 
susceptibility of the nanoparticles. Indeed, this aspect is of 
crucial relevance: the selection of the frequency, which 
corresponds to the highest value of the imaginary 
component, could lead to the greatest heat release 
(maximum of the Specific Absorption Rate, SAR). 
Consequently, it could be possible to improve significantly 
the efficiency of the treatment at a cellular level [15].  
The Linear Response Theory (LRT), reported in [16], 
describes the heating of magnetic fluid exposed to an RF 
magnetic field. Any single nanoparticle can be represented 
as a magnetic dipole, which undergoes to a Debye single 
order relaxation phenomenon. This theory can be applied 
for low amplitude magnetic field and for a limited range of 
frequencies. Nevertheless, such conditions are typical for 
common magnetic hyperthermia applications. Nowadays, 
great efforts are directed in order to produce novel nano-
assemblies, organized such as nanoclusters, in order to 
deeply and positively modify the relaxation behavior of the 
magnetic nanoparticles [15],[17]. 
Despite the relative simple mathematical modeling of the 
phenomenon, to the best of our knowledge, there is a lack 
in literature regarding magnetic susceptibility estimations in 
an environment able to mimic the real one of a clinical 
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application of magnetic hyperthermia. The ideal 
characteristics of the experimental set-up must present 
clinical exposure conditions for magnetic field (in 
particular, frequency in the range of hundreds of kHz), 
concentration of nanoparticles typically deliverable in a 
clinical set-up (few tens of mg/mL) and a medium able to 
represent a biological environment with a certain degree of 
fidelity. Several works addressed the problem of the direct 
magnetic susceptibility measurements over a wide range of 
frequency, typically starting from values far away from the 
conditions of magnetic hyperthermia (from MHz to GHz). 
Commonly, such measurements were carried out with 
coaxial cable configurations [18]-[22]. On the other hand, 
papers that described direct measurements of the complex 
susceptibility at very low frequencies exploit very 
expensive instrumentation (i.e. susceptometers) [23], [24]. 
Besides, AC magnetometers allow to measure SAR 
released by the nanoparticles under the exposition to a 
radiofrequency magnetic field in a quite large frequency 
band [25]-[27]; however, no particularly realistic 
assumption was given to the medium of the suspension. 
In order to overcome these limits, we propose a general 
analytical method to determine the magnetic properties of a 
colloidal magnetic fluid with nanoparticles and agar, 
starting from in vitro Specific Absorption Rate (SAR) 
measurements. As a matter of fact, it is very simple to 
obtain SAR measurements instead of direct probing the 
complex magnetic susceptibility. More importantly, our 
preliminary work considers a quite realistic environment in 
order to simulate a clinical treatment, using a sample made 
of a mixture of water, agar and nanoparticles with a 
clinically reasonable concentration. It could be also possible 
to set the properties of the experimental sample in order to 
mimic the properties of a specific tissue, in terms of 
density, viscosity and conductivities. This can be achieved 
by adjusting the agar quantity and the conductivity of the 
sample, as reported in [29]. Our approach uses indirect 
equations based on the single order Debye model for 
magnetic complex susceptibility under low field hypothesis, 
in a frequency range typical of magnetic hyperthermia [16], 
[31]. In this operative condition, the two dominant 
relaxation phenomena of the nanoparticles are Brownian 
and Néel ones [32]. Indeed, it is experimentally 
demonstrated in [15] and [31] that magneto-fluid’s SAR 
release follows Rosensweig’s equation under low field 
hypothesis for different type of nanoparticles.   
In our study, we processed, at a first stage, experimental 
data of SAR measurements obtained by exposing a 
magnetic fluid to a RF magnetic field at different operative 
conditions (amplitude and frequency). Therefore, we 
analytically extracted the magnetic permeability values. 
Afterwards, we reported the magnetic permeability values 
versus the frequency. Finally, in order to validate our 
analytical approach, we replicated the experimental set-up 
through the commercial electromagnetic simulation 
software Feko, based on the Method of Moments (MoM). 
In particular, we used the magnetic properties previously 
extracted through our analytical procedure and we 
compared the numerical SAR results with the SAR 
measurements, obtaining a good agreement.   
Hence, the proposed method can allow an alternative 
experimental set-up planning of magnetic hyperthermia 
treatments, exploiting quick SAR measurements in vitro 
and an electromagnetic simulation software, which are 
nowadays reliable and accurate enough. 
The paper is organized as follows: section II describes 
the theory and the analytical models used to extract 
magnetic properties of nanoparticles; section III reports the 
analytical procedure and its validation through numerical 
simulation; in section IV, conclusions and further 
developments are proposed. 
II. METHODS AND PROCEDURES 
A. Behavioral modeling of magnetic nanoparticles 
We can assume the validity of the first order Debye 
model for the complex magnetic susceptibility of a colloidal 
fluid, under the assumption that the experimental conditions 
are characterized by a low amplitude of the magnetic field 
[31]. As reported in [16], the complex magnetic 
susceptibility can be expressed as follows: 
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where
0 is the equilibrium susceptibility value and ( )s  
is the effective relaxation time of the fluid, obtained as a 
superposition of Brownian and Néel relaxation times 
(
B and N , respectively). The Brownian relaxation 
involves movement of the entire nanoparticle in the solution 
whereas Néel relaxation concerns the interaction of the RF 
magnetic field with the magnetic dipole that represents each 
single nanoparticle. These two physical phenomena are 
predominant under low field amplitude conditions. In the 
present paper, the attention is directed to the frequency 
range typical of magnetic hyperthermia (hundreds of kHz). 
The magnetic nanoparticles normally exhibit another 
susceptibility peak at higher frequencies (GHz range) due to 
ferromagnetic resonance [32]. However, the last physical 
phenomenon does not affect the magnetic susceptibility in 
our analyzed frequency range, thus it will be not included in 
our model.  
The Brownian relaxation time can be expressed as 
[24],[33]: 

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where VH (m3) is the hydrodynamic volume of the 
nanoparticles,  (Pa s) is the sample viscosity, kB (m2 kg s-2 
K-1) is the Boltzmann constant and T (K) the temperature of 
the sample. It must be noted that VH can be different from 
the actual shape and size of the single nanoparticle, due to 
the non-specific adsorption of the carrying medium. 
The following equation describes the Néel relaxation 
time [24]: 

0
C
B
KV
k T
N e   
where
0 (s) is the attempt time, K (J m
-3) is the 
anisotropy constant of the nanoparticles and VC (m3) is the 
magnetic volume of the nanoparticle’s core. 
Finally, the effective relaxation time is obtained as: 
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As described in [16], we can theoretically assume the 
validity of the Rosensweig’s equation for the SAR release 
(W/kg), always under low field amplitude hypothesis: 

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where 
0 (H/m) is the vacuum magnetic permeability, 
'' is the imaginary component of complex magnetic 
susceptibility (loss component) of the sample, is the 
volume fraction of solid in the suspension, 
3 4Fe O
 (kg/m3) 
the density of the magnetite, f is the frequency (Hz) and H0 
(A/m) the amplitude of the applied field. Here, we 
expressed SAR in (W/kg) in order to use SI units, for clarity 
purposes; however, a more widespread unit for SAR in the 
field of hyperthermia is (W/g), as adopted in the rest of the 
paper. 
B. Properties of the employed sample of colloidal fluid 
Our sample consisted in a vial with a total volume 
32vialV cm , filled with water, agar and magnetite ( 3 4Fe O ) 
nanoparticles. The overall mass of the fluid was 
1.04vialm g  , thus the density was 
3.520vial g cm  . 
The concentration of iron was determined by ICP-OES after 
acidic digestion of the sample with nitric (65% w/w) and 
hydrochloric acids (37%). Consequently, the concentration 
of 
3 4Fe O was calculated on the basis of the stoichiometric 
ratio between iron and oxygen. Specifically, magnetite 
nanoparticles were at the 0.12% of volume fraction 
( 0.0012  ), whereas the agar was at the 4%. Considering 
a density for the magnetite of 
3 4
34.9Fe O g cm  , the 
total magnetite mass can be calculated as: 
3 4 3 4
0.0118Fe O Fe O vialm V g      (equal to 5.9 mg mL ). 
Magnetite nanoparticles were organized in the form of 
nanoclusters; each single nanoparticle presented a mean 
diameter of 10 2.6 nm  , measured with x-ray diffraction 
technique (XRD). Precisely, bare magnetite nanoparticles 
were produced by using the polyol technique. The mean 
size and mean polydispersity index for the clusters were 
determined by dynamic light scattering (DLS), and they 
were found to be 56.9 0.4 nm  and 0.16 0.01  , 
respectively, indicating a narrow size distribution. 
Transmission electron micrographs (TEM) showed clusters 
of small numbers of inorganic particles homogeneously 
dispersed in the polymeric matrix with an average diameter 
of 50 nm  . The clusters are externally coated with a 
biocompatible polymeric PLGA-PEG shell. 
C. Data acquisition and processing 
The first step in order to apply the proposed method is to 
acquire a set of SAR measurements in vitro for a colloidal 
magnetic fluid with nanoparticles at different exposure 
condition (field amplitude and frequency). We used a 
commercial heat station (Fives Celes Alu C2 Power Supply, 
Fivesgroup, France) as an inductive system. The magnetic 
fluid was contained in a vial placed in the center of the 
inner volume of a solenoid (Fig. 1).  
 
Fig. 1. Experimental set-up for SAR measurements. 
We derived SAR measurements (W/g of 
3 4Fe O ) from 
temperature monitoring (recorded every second), through 
an optical fiber thermometer (CEAM, Vr18CR-PC). We 
exploited the initial slope ( dT dt ) of the heating process:  

3 4
   
Fe O
CV dT
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t
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where C (J/L/K) is the specific heat capacity of the 
sample, V (L) is the sample volume, and
3 4
( )Fe Om g is the 
mass of iron oxide in the sample. For the specific heat of 
sample, we specifically took into account only that of water 
since this latter has the major contribution with respect to 
the other components.  From (7), we indirectly obtained the 
values of the imaginary component ' '  for each combination 
of frequency and amplitude reported in Table I. 
Considering our experimental set-up, it can be pointed out 
that the presence of agar suppressed the free movement of 
nanoparticles and, consequently, Brownian relaxation (high 
viscosity ). For the last reason, we assumed that only Néel 
relaxation phenomenon was present. It must be noticed that 
this is a realistic assumption in a clinical environment [28]. 
Now, under the assumption that
0 and are independent 
from frequency, from two values of ' ' ( )f  at different 
frequencies (see (3)), it was possible to extract
0 and 
 through a second order equation system: 
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We used all the possible permutations of couples of 
frequencies available, calculating the mean
0 and  of 
the various values of 
0 and  obtained. In this way, we 
were able to construct the curve described in eq. (3).  
Then, in order to make the fitting more robust, we 
optimized 
0  and   through a minimization of the 
distance between this curve and the experimental loss 
component data (indirectly derived from eq. (7)) with a 
least square algorithm. Finally, substituting 
0 and   in 
equation (2), we computed the real component ' ( )f of 
complex magnetic susceptibility. We derived the complex 
magnetic permeability from the equation (11). 
 ( ) 1 ( )r f f    
It must be noticed that the procedure is very rapid and 
general; it can also be applied to any type of magnetic 
nanoparticles.  
D. Validation of the analytical method 
In a following step, we replicated the experimental set-up 
for the SAR measurements with the commercial 
electromagnetic simulation software Feko, based on the 
Methods of Moments (MoM) [34]. This allowed the 
validation of the analytical approach previously described. 
We designed a solenoid through a CAD modeling with 
similar electromagnetic properties than those ones 
experimentally used (Fig. 2). The solenoid had a variable 
capacitive load C used as a tuning element for obtaining 
resonance at each chosen frequency. The feeder of the coil 
had a voltage amplitude, which permitted to replicate the 
magnetic field amplitude reached during the experimental 
SAR measurements (Table I). 
A cylinder, placed in the center of the solenoid, modeled 
the vial, which contained the magnetic fluid. In particular, 
we used the extracted complex magnetic permeability to 
model numerically the magnetic colloidal fluid properties. 
 
Capacity C
 
Fig. 2. CAD representation of the experimental set-up. 
We performed numerical simulations for each of the 
operative condition reported in Table I, and we calculated 
SAR taking into account both electric and magnetic losses, 
according to (12) ([35]): 

2 2
2 2
s m
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E H
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where E [V/m] and H [A/m] are the amplitude of the 
electrical and magnetic field in a specific point of the 
volume of interest respectively, and
vial is the density of 
the sample contained in the vial. We estimated the electrical 
and magnetic conductivities,
s and m , as follows [36]: 

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where tans and tanm are the electric and magnetic loss 
tangent respectively. 
r and r are the dielectric relative 
permeability and the magnetic relative permeability of the 
sample, respectively. It must be noted that the numerical 
SAR estimations described in (12) are given per gram of 
fluid. In order to be compared with the values reported in 
Table I they must be converted per gram of magnetite. 
III. RESULTS 
Table I contains the SAR measurements obtained by 
following the procedure described in section II.C. As can be 
seen from the data, our experimental conditions respected 
the hypothesis of low amplitude of the magnetic field; 
therefore, it was theoretically possible to apply the 
mathematical modeling previously described on our sample 
of magnetite nanoparticles. 
We studied the behavior of the available SAR 
experimental measurements versus the frequency and 
versus the amplitude of the magnetic field in order to verify 
the validity of the Rosensweig’s equation (7) for our 
specific case. In particular, we firstly normalized the SAR 
data with the square of the amplitude of the magnetic field: 
in this way, we obtained a new data set dependent only 
from the frequency. Starting from this new data set, we 
performed a linear fitting ( ( ) 0.002f x x ). We 
demonstrated that SAR measurements correctly follow eq. 
(7) (Fig. 3).  
TABLE I 
EXPERIMENTAL SAR MEASUREMENTS OBTAINED IN VITRO (PER GRAM OF 
MAGNETITE) 
Field Amplitude 
(kA/m) 
Field Frequency 
(kHz) 
SAR (W/g Fe3O4) 
9.3 103 14.8 
9.0 183 30.0 
10.7 203 31.8 
7.9 254 28.5 
4.1 340 24.5 
5.7 340 30.9 
7.4 340 46.4 
4.8 423 21.1 
6.1 423 28.6 
7.3 423 45.9 
8.8 423 71.3 
 
 
Then, we replicated the procedure in order to display the 
dependence of the SAR measurements on the square 
amplitude of the magnetic field; therefore, we fitted the data 
with a power law model ( 2.247( ) 0.533f x x ). Fig. 4 showed 
the relative log-log plot: SAR measurements at 423 kHz 
have a dependence with the amplitude of the magnetic field 
slightly more than quadratic, thus confirming a good 
agreement with the theoretical model of eq. (7). 
 
Fig. 3. Linear dependence of the SAR measurements from the frequency. 
This analysis confirmed and validated the procedure 
previously described in order to extract the complex 
magnetic susceptibility values. The next following step 
consisted in the derivation of the loss component values 
(Fig. 5), extracting them from (7) using the experimental 
SAR values. 
Then, we extracted the different  and 
0 values from 
(9) and (10), using the '' values derived from the 
experimental SAR measurements, as explained in the 
previous section. In particular, only valid couples were 
considered, discarding those which make the argument of 
eq. (10) negative. It must be noted that the size and the 
shape of the nanoparticles constituting the sample will 
present a certain distribution, simply due to production 
issues. As a consequence, both 
B  and N will vary (eq. 
(4) and eq. (5)). Nevertheless, as described in the following 
graphs (Fig. 6), the series of the extracted 
0  and  had a 
small range of variability. Thus, we can assume that the size 
distribution of the nanoparticles is narrow, confirming the 
single order Debye relaxation model hypothesis. 
Afterwards, we performed the mean operation on the two 
series, obtaining 
0 0.0076   and 
76.055 10 s  . 
Finally, in order to make the fitting more robust, we 
performed a refinement of 
0  and   minimizing the 
distance between the analytical curve (described by eq. (3)) 
and the experimental values (least square algorithm). We 
found 7.7914 10 s  and 
0 0.0067  . The optimized 
fitting curve with the finally estimated   and 
0  is showed 
in Fig. 7. 
Therefore, we concluded that, for our specific sample of 
nanoparticles, a RF magnetic field in the range of 
frequencies around 340 kHz corresponds to the best heating 
conditions, as could be seen from Fig. (7). Thus, this 
operative condition could maximize the efficiency of a 
possible treatment. 
In table II, we presented the analytical characterization of 
the nanoparticles of magnetite, performed with our 
analytical procedure, in terms of the complex magnetic 
permeability. These values were calculated using eq. (2), 
eq. (3) and eq. (11). In this way, we were able to completely 
characterize the electromagnetic behavior of the magnetic 
nanoparticles’ sample. 
 
Fig. 4. Quadratic dependence of the SAR measurements from the 
amplitude of the magnetic field. 
 
Fig. 5. Imaginary component of complex magnetic susceptibility extracted 
from inverting (7), averaging for 340 kHz and 423 kHz (multiple 
acquisitions). 
 
(a) 
 
(b) 
Fig. 6.  (a) and 0  (b) vectors, extracted from experimental loss 
component values following the proposed analytical approach. 
 
Fig. 7. Comparison between experimentally derived loss component values 
and the analytical curve derived with our procedure. 
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Finally, we performed numerical simulations in order to 
validate our analytical approach based on the SAR 
experimental measurements. Fig. 2 described the CAD 
model; we assigned to the vial the complex magnetic 
permeability analytically extracted through the model 
(Table II), and the dielectric properties of the water ( 80r   
and 0.6r S m  ), correctly following (13) and (14). 
TABLE II 
COMPLEX PERMEABILITY VALUES EXTRACTED THROUGH THE ANALYTICAL 
METHOD  
Field Frequency 
(kHz) 
'
r  
''
r  
103 1.0061 0.0019 
183 1.0052 0.0028 
203 1.0049 0.0030 
254 1.0043 0.0033 
340 1.0033 0.0034 
423 1.0026 0.0033 
 
In particular, the numerical software, when implementing 
(12), considers the density of the overall fluid, 
vial . This 
means that, in this way, the results would be SAR 
estimation per gram of fluid. In order to make comparable 
the experimental SAR (given as W/g of magnetite) and the 
numerical one, the SAR equation implemented by the 
software was multiplied by the factor 
3 4
88.14vial Fe Om m  . 
This is equivalent to assign to the numerical model the 
effective complex magnetic permeability multiplied by such 
factor (Table III). 
TABLE III 
COMPLEX PERMEABILITY VALUES EXTRACTED THROUGH THE ANALYTICAL 
METHOD CONSIDERING THE MASS FACTOR 
3 4vial Fe O
m m . 
Field Frequency 
(kHz) 
'
r  
''
r  
103 1.542 0.168 
183 1.456 0.251 
203 1.432 0.264 
254 1.375 0.287 
340 1.290 0.297 
423 1.227 0.288 
 
We firstly demonstrated the capability of the software to 
correctly simulate our experimental set-up, by assigning to 
the vial the loss component of the complex magnetic 
susceptibility directly extracted from the experimental SAR 
values using eq. (7) (Fig. 5), opportunely corrected for the 
mass factor. Fig. 8 reported the SAR experimental 
measurements and the SAR values obtained with the 
simulation, proving an excellent agreement between 
numerical simulation and experimental measurements. 
After that, we replicate the simulation using the loss 
component values estimated with the analytical method, i.e. 
extracted from (3) through 
0  and  , considering the mass 
factor (Table III). Again, we obtained a satisfying 
agreement between the experimental results and the 
analytical modeling, thus validating our proposed approach 
(Fig. 9).  
IV. CONCLUSION 
In this paper, we proposed a general analytical approach 
to determine the electromagnetic properties of a colloidal 
magnetic fluid with nanoparticles and agar.  
The knowledge of electromagnetic properties is useful to 
predict the behavior of the nanoparticles at different 
radiation settings. In particular, this enables to find out the 
best heating condition in the context of magnetic 
hyperthermia treatments. In our study, we were able to set 
the best operative range of frequencies for our specific 
sample of nanoparticles.  It must be pointed out that our 
method can be a rapid and alternative procedure compared 
to the directly measurement of magnetic permeability. 
Moreover, it is possible to apply the method for any type of 
superparamagnetic nanoparticles and to mimic tissues-like 
environments exploiting agar properties. Finally, we 
validated the analytical approach by an electromagnetic 
simulation software, which is based on the Method of 
Moments. We successfully replicated the experimental 
SAR measurements via numerical approach, demonstrating 
that the analytical extraction of the nanoparticles’ magnetic 
permeability is feasible and effective. The development of 
standardized methods for the characterization of the 
nanoparticles, combined with an optimal design of clinical 
RF coils, can enable the widespread adoption of the 
magnetic hyperthermia for an efficient cancer treatment. 
Furthermore, the use of numerical software in this kind of 
applications will allow efficient and low cost experimental 
set-up planning for magnetic hyperthermia treatments. To 
conclude, the numerical approach will also support the 
development of new and innovative nanostructured 
hyperthermic agents, opportunely modifying the analytical 
modeling of the nanoparticles’ behavior. 
 
Fig.8 Comparison between numerical and experimentally SAR 
measurements. 
 
Fig.9 Comparison between numerical and experimentally SAR 
measurements. 
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